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Abstract 

Pseudoclassical supersymmetric model to describe massive particles with higher 
spins (integer and half-integer) in 2 + 1 dimensions is proposed. The quantization 
of the model leads to the minimal (with only one polarization state) quantum 
theory. In particular, the Bargmann-Wigner type equations for higher spins arise 
in course of the canonical quantization. The cases of spin one-half and one are 
considered in detail. Here one gets Dirac particles and Chern-Simons particles 
respectively. A relation with the field theory is discussed. On the basis of the 
model proposed, and using dimensional reduction considerations, a model to 
describe Weyl particles with higher spins in 3 + 1 dimensions is constructed. 
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1 Introduction 

In this paper we present a pseudoclassical supersymmetric model to describe massive parti- 
cles with higher spins (integer and half- integer) in 2+1 dimensions. Besides a pure theoretical 
interest to complete the theory of relativistic particles, there is a direct relation to the 2 + 1 
field theory |]l|, which attracts in recent years great attention due to various reasons: e.g. 
nontrivial topological properties, and especially the possibihty of the existence of particles 
with fractional spins and exotic statistics (anyons), having probably applications to frac- 
tional Hall effect, high- Tc superconductivity and so on [0. The well-known pseudoclassical 
supersymmetric model for Dirac (spin one-half) particles in 3 + 1 dimensions was studied in 
numerous papers Generalizations of the model for particles with arbitrary spins in such 
dimensions, for Weyl particles, and so on, one be found, for example, in |Q, ||, ^ . Attempts 
to extend the pseudoclassical description to arbitrary odd-dimensional case had met some 
problems, which are connected with the absence of an analog of 7^-matrix in odd- dimensions. 
For instance, the direct dimensional reduction of the 3 + 1 spinning particle action (standard 
action) to 2 + 1 dimensions does not reproduce a minimal quantum theory of the spinning 
particle in 2 + 1 dimensions, which has to provide only one value of the spin projection 
(1/2 or —1/2). In papers [|^ two modifications of the standard action were proposed to 
get such a minimal theory. However, the first action |^ is in fact classically equivalent to 
the standard action in 2 + 1 dimensions and does not provide required quantum properties 
in course of the canonical and path integral quantization. Moreover, it is P- and T- in- 
variant, so that an anomaly is present. Another one does not obey gauge supersymmetries 
and therefore loses the main attractive features in such kind of models, which allow one to 
treat them as prototypes of superstrings or some modes in the superstring theory. In 
we succeeded to write a new action to describe spin one-half in 2 + 1 dimensions, which 
reproduces the minimal quantum theory of this spin after quantization. Here we propose a 
model to describe all higher spins (integer and half-integer) in 2 + 1 dimensions. The action 
of the model is invariant under three kinds of gauge transformations: reparametrizations and 
two supertransformations. It is P- and T-noninvariant in full agreement with the expected 
properties of the minimal theory of higher spins in 2 + 1 dimensions. First, we quantize the 
general model canonically, using a simple realization in a Fock space, to demonstrate that 
the minimal quantum theory of higher spins is reproduced. Then we consider the cases of 
spin one-half and spin one in detail. In the first case we present both canonical and Dirac 
quantizations to get Dirac equation in 2 + 1 dimensions. It turns out that in the case of 
spin one the model proposed describes Chern-Simons particles. In particular, one can see 
that the equations of the topologically massive gauge theory are reproduced in course of the 
quantization. Then, in the general case, we present a realization of the canonical quantiza- 
tion , which corresponds to the Bargmann-Wigner type formulation of higher spins theory 
in. A relation of the quantum mechanics constructed with the field theory is discussed. In 
the end of the paper we demonstrate that on the basis of the model proposed, and using 
dimensional reduction considerations, a model to describe Weyl particles with higher spins 
in 3 + 1 dimensions can be constructed. 
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2 The action of the model, symmetries, and Hamilto- 
nian formulation 

Consider pseudo classical action of the form 

^ ^ Jo \2e ~ ~2~^ ~ VT ^ + ^V'anC = ' 

M + , ^ (^^'^Va.V'aA/ta " CXa) ; iV = 1, 2, . . . ; S = ±1 , (1) 



= X 



a=l 

where the Greek (Lorentz) indices fi, u, A, run over 0, 1, 2, whereas the Latin ones n, m, run 
over 0, 1, 2, 3, one supposes summation over the repeated Greek and Latin (n,m) indices (but 
not over the index a); r^^,^ = diag(l, —1, —1), rjmn = diag(l, —1, —1, —1); x^, e, Ha are even 
and ipan, Xa are odd variables; e'^"^ is the totally antisymmetric tensor density of Levi-Civita 
in 2 + 1 dimensions. We suppose that and '^pa^i are 2 + 1 Lorentz vectors and e, 'ipl, Xa 
are scalars, so that the action (|1|) is invariant under the restricted Lorentz transformations 
(but is not P- and T-invariant). It is invariant under the reparametrizations and under other 
two types of gauge transformations, one of which is a supergauge transformation: 

Sx^" = X''^ , 5e = -^(eO, Silvan = i'an^ , ^Xa = ^^(XaO > ^ l^a = -^{l^aO (2) 
CLT CLT dr 

^ ^ z^' m 

" 1 

^1 e 

where ^(r), ^^„(r) are even, and ea(r) are odd parameters. 

Going over to the Hamiltonian formulation, we introduce the canonical momenta, 

_aL__l p_aL_ p_a^_n 

= TT^ = , Pan = |^ = "^V'an • (5) 

It follows from (^ that there exist primary constraints (^^^^ =0, 

$P = P $1^^ = P $1^^ = P $1^) = P +2-?/; fG) 
^1 ej ^2 Xai ^3 Ka5 ^4 ^ an ^ ''Yan • 

Constructing the total Hamiltonian H^^\ according to the standard procedure [P, pUd, we 
get if(^) = H + Xa^a\ where 

e ^ ^ i 

H = --{n^ - m") + ^ + smi^Dxa - ^ E(^'''^^M^-^aA + ^sm)«:, . (7) 

^ a=l a=l ^ 

From the consistency conditions <i'^^'' = {$'^^\ if*^^^} = one can find secondary constraints 

$(2) = 0, 

$P = vr^ - m\ $f = TT^^,^ + smiPl , <l>f = e'^'^V^T/-,,^,, + '-sm , (8) 
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and determine A, which correspond to the primary constraints $4 . No more secondary 
constraints arise from the consistency conditions and the Lagrangian multiphers, which cor- 
respond to the primary constraints ^\^\ i = 1, 2, 3, remain undetermined. The Hamiltonian 
(0) is proportional to the constraints. One can go over from the initial set of constraints 
$(1)^ $(2) ^i^Q equivalent one <|(^\ where = $(2) ^ ^ = ^ _^ l*^!^^)- The new 
set of constraints can be explicitly divided in a set of the first-class constraints, which are 
(<l>f\ i = 1,2,3, $(2)) and in a set of second-class constraints $4 . 

Calculating the total angular momentum tensor M^i^, which corresponds to the action 
(HD, we get 

N 
a=l 

The dual vector = ^e^'^^M^x together with the momentum vr^ are generators of the 2 + 1 
Poincare algebra. The Pauli-Lubanski scalar W, 

W = 7r,J'' = n^S^, 5^ = ie/^-^^,,, (10) 

specifies the helicity (spin) of the particles and similar to vr^ is a Casimir operator in the 
case of consideration. 

To quantize the theory canonically one has to impose as much as possible supplementary 
gauge conditions to the first-class constraints. In the case under consideration, it turns out 

to be possible to impose the gauge conditions to all the first-class constraints, excluding the 

~ ('2) 

constraints $3 . These constraints are quadratic in the grassmannian variables. On the 
one hand, that circumstance makes it difficult to impose a conjugated gauge condition, on 
the other hand, imposing these constraints on state vectors does not create problems with 
the Hilbert space definition since the corresponding operators of constraints have a discrete 
spectrum. Thus, we shall treat only the constraints $3 in sense of the Dirac method, fixing 
only the gauge freedom, which corresponds to two types of gauge transformations (0) and 

(0). As a result we remain only with the first-class constraints, which are the reduction 

(2) 

of $3 to the rest of constraints and gauge conditions. They can be used to specify the 
physical states. All the second-class constraints form the Dirac brackets. The following 
gauge conditions = can be imposed: $f = e + C^(7^ ; "^2^ — Xa , = , ^4 = 
Xq — (t , $^ = , where ( = — signvr" (The gauge xq — (r = was first proposed in 
[p] , [10(] as a conjugated gauge condition to the constraint tt^ — = 0, see there a detailed 
discussion of this gauge). Using the consistency conditions = 0, one can determine the 
Lagrangian multipliers, which correspond to the primary constraints ^[^\ i = 1,2,3. To go 
over to a time-independent set of constraints (to use the standard scheme of quantization 
without modifications ||10[, which are necessary if the constraints depend on time explicitly), 
we introduce the variable Xq, Xq = xq — (t, instead of xq, without changing the rest of 
the variables. That is a canonical transformation in the space of all the variables with the 
generating function W = XqtCq + tItTqI + Wq, where Wq is the generating function of the 
identity transformation with respect to all the variables except x° and ttq. The transformed 
Hamiltonian H^^^' is of the form 



= + {$}, uJ = VtT^ + 7f2 = TTfcTTfc, = 1, 2 , 



(11) 
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where {$} are terms proportional to the constraints and uo is the physical Hamiltonian. Now 
all the constraints of the theory can be presented in the following equivalent form: iiT = 0, 
= 0, T = 0, where 

K = {e-uj^^ , Pe] Xa , Pxa ; , Pna , \no\ - u ] ^° , P^o), a = 1, . . . , N ] 

= (vTfcT/;^ + smijl, Pad + ii^ad) , A; = 1, 2 , = 1, 2, 3 ; 

Here i^' and are second-class constraints, whereas Tq are first-class ones. Besides, the set 
K has the so called special form |T^. In this case, if we eliminate the variables e, Pg? Xai Pxai 
Ka, Pna: kol, "00' ^ao, using the Constraints K = 0, the Dirac brackets with respect to 
all the second-class constraints {K, 0) reduce to ones with respect to the constraints only. 
Thus, in fact, we can only consider the variables x^, 11^, C, "^a' Pak, k = 1, 2, and two sets of 
constraints: the second-class ones and the first-class ones T. Nonzero Dirac brackets for 
the independent variables are 

i N 

i)l}D{4,) = -^ihr - UJ-'^nkTTr)5ab , fc, T = 1, 2 . (13) 

The Dirac brackets between J^, vr^, W, and vr^ have the form 

W}Di^) = { W}Di^) = { n^}D(<p) = . (14) 
That means the 2 + 1 Poincare algebra with the Casimir operators vr^ and W, 

[>, r] = te^'^^Jx, [tt^, I] = te^^xTT^ , (15) 
is reproduced on the quantum level. 



3 Quantization 

3.1 Preliminary consideration 

To verify right away that the model proposed reproduces particles with higher spins in 2 + 1 
dimensions after quantization, we consider first a simple realization in a Fock space. Then in 
the next subsections we present different realization, which, however, has more close relation 
to the field theory. 

Let us go over to new variables whose Dirac brackets have a simple form. Namely, 
introduce new even variables and odd variables 6^ according to the formulas 

N ( \ 

X' = X' + — ^ E [^a, Va] , = € + "-^K^-rVa ■ (16) 

m(a; + mj mn 
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Using the brackets (|13|), we get for the new variables 

{X'', TCrjDitP) = hr , {X'' , X''}d{<P) = {X'' , 91} D 



{C. ^Ddw = --hr^ah , fc, r = 1, 2 



(17) 



The variables X^, Tr^, 6^ are independent with respect to the second-class constraints. 



Thus, we remain only with the first-class constraints (|T2D, which being written in terms of 
the new variables have the form 



T„=m(c[elel] + -s 



. 



(18) 



The Dirac brackets (|T^) define the commutation relations between the correspondent 
operators. The nonzero commutators (anticommutators) are 



X^ ^ TTr 



i6 



kr 



nk nr 



:h.rS, 



kr^ab 



(19) 



We assume as usual [0, |T0| the operator C, to have the eigenvalues C = ±1 by analogy 
with the classical theory, so that = 1, and also we assume the equations of the second- 
class constraints = 0. Then one can realize the algebra of all the independent operators 
in a Hilbert space 7^, whose elements ^ E TZ are two-component columns dependent on 



1,2, 



f+(x) 
f-fx) 



1 
-1 



-idd , 



(20) 



and f+(x) and f-(x) are x dependent vectors of a Fock space, which is constructed on the 
base of the fermionic operators (c^, c^) of creation and annihilation. 



ca = el + l9l 



a, H J + 



c+ = 6*^ - iO"^ 



5ab, [Ca,Cb]+ = [Ca,cJ+ = 0- 

The operators correspondent to the first-class constraint (|18D have the form 

fa = imC {fia- X), h = c\ca , A = ■ 
These operators specify physical states: 



± 



f211 



f22) 



(23) 



Thus, are proportional to the vacuum vector |0 > in the Fock space, Ca|0 >= 0, or to 
the vector >= c^" . . . c^|0 >. On the other hand, the state vectors ^ have to obey the 
Schrodinger equation, which defines their "time" dependence, {id /Or — u))^' = 0, where the 
quantum Hamiltonian Cj corresponds to the classical one tu, (|TT1). Introducing the physical 



time x^ = (t instead of the parameter r [11, 10 1, we can rewrite the Schrodinger equation 



in the following form 

{id/dx'^ - Cid)^{x) =0,00 



X 



x). 



(24) 
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Together with the eq. (^) that leads to the following structure of the physical state vectors 

* = ( /-WlT> ) • = ^^f-^- 

We interpret /+(x)|0 > as the wave function of a particle and fZ{x)\N > as the wave function 
of an antiparticle. Both particles and antiparticles have only one polarization state in full 



agreement with the group analysis [12 



What is the helicity (spin) of the particles and antiparticles obtained? To answer this 
question let us use the Pauli-Lubanski operator W which corresponds to the scalar (^). In 
the gauge selected and in the realization in question, it has the form 



a=l ^ 2 / 



W = tCmJ2[0l0l] = Cmi--h), n = Y.na. (26) 



One can easily see that the state vectors (EH) are eigenfunctions for the operator 



sN 

= m— * . (27) 

The latter means that the spin of the particles and antiparticles is equal to. Thus, we see 
that the action (|l]) describes particles with helicity (spin) sN/2. It is important to compare 
the quantum mechanics constructed with the field theory. To this end, however, another 
realization is more convenient. We consider it in the two next subsections. 



3.2 Spin one-half case 

Let us consider particles with spin one-half. The corresponding model follows from the 
general expression (|I|) at = 1. The canonical quantization considered above gives a 
quantum mechanics, which completely corresponds to our ideas about the Dirac particles 
in such dimensions. To get a relation with the corresponding field theory let us consider a 
special realization for initial variables and tp^. 

It follows from the Dirac brackets (p!3|) for = 1 that nonzero commutation relations 
have the form 

1 ^ ^ ^ i ^ 

[x^TTr] = i6kr , [x^ F] = - — , [x\ ijj''] = -^^^'tT, , 

UJ UJ 

[4)'', tp'']+ = ^{Skr - a)~^7rfc7r,.) , k,r = 1,2 . 

One can realize the algebra of all the independent operators in a Hilbert space TZ whose 
elements ^ ^TZ depend on x = {x'^), d = 1,2, and have a form 



*(x) 



^(+)(x) 
^(-)fx) 



where \l/'-^''(x) are two-component spinors, \l/^^^(x), a = 1,2. In this space 

x*^ = + A£^ Ax'' = 4^7^''" f 7r,S=^ - smE') , 

2lo^ V / 
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-idk , C = 



1 
-1 



S'^ = diag(a^ 



fc,r = 1,2 



UJ 



(2J 



where cr'^ are Pauli matricies. Constructing the operator T according to the first-class con- 
straint (|T^) at = 1, we specify the physical states, 



T* = , T 



2uj 



(29) 



Besides, the Schrodinger equation (|24D holds for these states. The combination of the latter 
equation with the condition ( p9D leads to the Dirac equation in 2 -|- 1 dimensions. 



sm 



|vl>(C)| 



x] 



0, C = ± 



(30) 



where 'j^ are 7-matrices in 2 + 1 dimensions. 
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[7^71 

7+/^ = 707^7°, C7^C = -7^^ C = a\ 



(31) 



Calculating the operator W , which corresponds to the Pauli-Lubanski scalar at = 1, we 
get 



W 



2Cj 



sm — i(9i7^ — id2 
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Its action on the states, which obey the equations of motion (P^, 
for the particles. 



2 ^ ' 



(32) 

gives the spin s/2 
(33) 



One can also verify that the operators M^^, constructed according to the expression for 
the angular momentum tensor at = 1, act on the mass shell as Lorentz transformations 
generators. 



M^,*(x) 



-i{x X yd 1^1^ ^ 



[l^Ji,lv] 



(34) 



It follows from the Schrodinger equation that can be interpreted as positive and negative 
frequency solutions to this equation. Thus, a natural interpretation of the components 
^!^'^\x) is the following: \l/*^+^(x) is the wave function of a particle with the spin s/2 and 
'^*'^^\x) is the wave function of an antiparticle with the spin s/2. Such an interpretation can 
be confirmed if we introduce in the model the interaction with an external electromagnetic 
field, namely, if we add to the Lagrangian of the model the following terms 

where g is the f/(l)-charge. In this case the coupling constants with the external field in the 
equations for the wave functions have different sign, for particles g and for antiparticles —g. 
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It is also instructive to demonstrate that the canonical quantization considered is equiv- 
alent to the Dirac one, where the second-class constraints $4^"* define the Dirac brackets and 
therefore the commutation relations, whereas, all the first-class constraints, being applied to 
the state vectors, define physical states. Thus, here we will not impose explicitly any gauge 
conditions. For essential operators and nonzero commutation relations one can obtain in the 
case under consideration: 

[x^ vr.] = i{x^ vr.}^(^(i)) = , , ^'"]+ = ^{r. = -^r^""^ • (35) 

It is possible to construct a realization of the commutation relations (|35| ) in a Hilbert space 
TZ whose elements ^ eTZ are four-component columns dependent on x. 



*(^) = ( ) , = ^^ vr, = -id, , r = ^r", (36) 



where ip{x) and \E'(x) are two-component columns, and F", n = 0,1,2,3, are 7-matrices 
in 3 + 1 dimensions, which we select in the spinor representation F° = antidiag(J, /), 
F* = antidiag((T*, — cr*), i = 1,2,3. According to the scheme of quantization chosen, the 
operators of the first-class constraints have to be applied to the state vectors to define the 
physical sector, namely, the physical states obey the equations $(^^^'(0;) = , where are 
operators, which correspond to the constraints (^). Taken into account (|5BD, one can write 
the equation $2 ^(^) = as 

" (2) (2) 

Constructing the operator according to the classical function $1 , we discover that 
the equation $^^^f = is not independent, since in this case •If) = (<I5^^)2. The equation 
can be presented in the following form 

-e^-^'dT T, + zsm]^(x)=0 ^ i - sm)^{x) = , , . 

a,L,Lx + tsmj^[x) u ^ \ (td^^^^^ - smMx) = . ^"^^^ 

Combining eqs. (|37[) and (|38|), we get f{x) =0 and \E'(a;) obeys the 2 + 1 Dirac equation 

(i(9^7^ - sm)^(x) = , (39) 

To interpret the quantum mechanics constructed one has to take into account the oper- 
ator, which corresponds to the angular momentum tensor. 



4 I [7^,7^ 



Thus one can see that in fact the quantum mechanical states are described by the two 
component wave function '^{x), which obeys the Dirac equation in 2 + 1 dimensions and is 
transformed under the spinor representation of the corresponding Lorentz group. 
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3.3 Bargmann— Wigner type realization 

By analogy with the canonical quantization presented above for spin one-half case one can 
fulfil a quantization for arbitrary higher spin, which leads to the Bargmann- Wigner type 
wave equations [|TB]. Let us depart from the Dirac brackets (]TBD, which imply the following 
nonzero commutation relations 

1 ^ . . . i . 

^ a=l ^ 

[^a, ^6]+ = \{^kr - oo'^nknr)Sab , k,r = 1,2 . (40) 

We can realize now the algebra of all the operators in a Hilbert space TZ whose elements 
^ eTZ depend on x = (x*^), d = 1,2, and have the form 



^(+)( 



X 



*W = [ *<-)(x) ) ' («' 

where each component \E''^^)(x) has N spinor indices a, \E''^='')(x) = 'i!^'^\x)aj^ aj^, cia = 1,2. 
In this space 



N a-\ \ IN 



a=l \j=l J \j=a+l 

V-a = ( n ®1 I ® ® I n ®U^r^" + smE^) I , (42) 

\j=l J \j=a+l ^ 

where the operators Ax^ and '!^^ are defined in (^). The operators Ta, which correspond to 
the first-class constraints ([l^ , have the form 

fa = (n®i| ®T® I n ®1 

\i=l / \j=a+l 



where the operator T is defined in (p9D. They specify the physical space T^^' = 0. Due to 
the Srodinger equation, which has still the form (^^ , the former equations imply that both 
components ^f*^^-* obey the Dirac equation (^) for each spinor index, 

{td,r-sm)^^^,¥^l^,^^^^jx) = 0, a, = 1,2, a = l,...,N, (43) 

and therefore obey also the Klein-Gordon equation 

(□ + m2)^^(x) = . (44) 

The operator W, which correspond to the Pauli-Lubanski scalar (|l3), has the form 

N fa~l \ / ^ \ 

w=E n®i ®^® n ®A ' 
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where W is defined by eq. (0). Its action on the mass shell is: 

sN 

W*(a;) = m — ^{x) . 

Thus, the particles described by the states (^Tj) have the helicity sN/2. The operators 
M^i,, correspondent to the angular momentum tensor reproduce the action of the Lorentz 
transformation generators on the mass shell, 

M^,*(x) = I -i{x^d, - x,d^) + ^ I n ®1 I ® M^. ® I n ®1 I [ • 

[ a=l \j=l J \j=a+l J J 

where M^^, is defined by eq. (|3^) . Similar to the case of spin one-half, and "^^~\x) 

are positive and negative frequency solutions to the wave equation, so that one can inter- 
pret '^^~^\x) as the wave function of a particle with spin sN/2 and (x) as that of an 
antiparticle with the same spin. 

The equations (|43|) are (2 + 1) analog of the Bargmann-Wigner equations, which describe 
higher spins in (3 + 1) dimensions |T^. In contrast with the latter case here one does not need 



to impose the condition of symmetry with respect to the spinor indices. That is connected 
with the unidimensionality of the spinning space on the mass shell. The state vectors ( PD 
(Bargmann-Wigner amplitudes), which obey the Dirac equation (^31) for each index, are 
automatically symmetric in these indices. To demonstrate that we choose two arbitrary 



indices ai and aj. Then one can write 



in virtue of the Dirac equation ( |1B| ) for both indices. On the other hand, using the properties 
( |3TD of the 7-matrices, one can write 

Thus, f^^a^^i'l'aj. = 0, that proves the symmetry of the state vectors (|41| ) in any two spinor 
indices. 



4 Particles with spin one 

The canonical quantization, which was done in the Sect. Ill for any A^, reproduces the quan- 
tum mechanics of particles with spin sN/2 and only one polarization state. For = 2 we 
can expect to get thus a pseudoclassical model for particles with spin one in 2 + 1 dimensions. 
Let us find a relation between such a quantum mechanics and the field theory of massive 
spin one particles in such dimensions. There we have two candidates, namely, Proca theory 
and topologically massive gauge theory of Chern-Simons field |^. Below we are going to 
demonstrate that the action (P at = 2 leads to the theory of Chern-Simons particles in 
course of quantization. To this end let us consider first the Dirac quantization of the theory 
with the action (|I]) at = 2. As was already mentioned in this scheme of quantization the 
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second-class constraints $4^'' define the Dirac brackets and therefore the commutation rela- 
tions, whereas, the first-class constraints, being applied to the state vectors, define physical 
states without imposing explicitly any gauge conditions. For essential operators and nonzero 
commutation relations one can obtain in analogy with (^): 

[x^, vr^] = iixf", TTu}^(^^W) =i^u , = 0, 1, 2 , 

[i^anAbi]+=i{i'an,i'bi}jj^^^W) = ~rini5ab] a, 6 = 1, 2; w, Z = 0, 1, 2, 3 . (45) 



The commutation relations p5|) for and T^y can be realized in a Hilbert space TZi whose 
elements are functions dependent on x, so that x'^ = , = —idn- The commutation 
relations (|^) for ipan one can reahze in a Hilbert space 7^2, which is a Fock space constructed 
by means of four kinds of Fermi annihilation and creation operators bn, b^, 

bn = fpln + #2n, K = Ipin - #2n, (46) 

[bn,bl]+ = -r]ni, [bn,bi]+ = [bt,bl]+ = 0. 

Due to the Fermi statistics of these operators TZ2 is a finite-dimensional space with the basis 
vectors |0 >, \n >, \nl >, \n >, |0 >, where |0 > is the vacuum vector, 6„|0 >= 0, and 



\n 



>= b+\0 >, \nl >= 6+6+10 >, \n> = ie"'^%+6+6+|0 >, 



6 

\0^> = ^^''''"'btbtbfbt\0>, n,/,c,rf = 0,l,2,3. (47) 

The total Hilbert space TZ of the quantum mechanics, we are constructing, is the direct 
product of ones TZi and 7^2- The states vectors f{x) E 71 can be presented in the following 
form 

f(x) = /(x)|0 > +nx)\n > +^r\x)\nl > +/„(x)|^ + /»|oS . (48) 

The physical vectors of the form (|^) have to be annulled by the operators of the first-class 
constraints, 

(tt^C + s7mPl)i{x) = 0, (49) 
ie^''''fcjaui'ax + ^sm)i{x) = 0, (50) 
TT^ - m2)f (x) = 0. (51) 



Combining the equations (^9[), one can get 

7r"6„f (x) = 0, 7r"6+f (x) = 0, (52) 
where tt^ = {n^, m), n = 0,1, 2, 3, and combining the equations (^0]), we get 

{ie^^'^n^bfbx - sm)i{x) = 0. (53) 

Calculating the operators and the operator W, which correspond to the dual angular 
momentum vector and to the Pauli-Lubanski scalar (|10|) in the realization (^), one can 
verify that the 2 + 1 Poincare algebra (|15D holds and 

W = 7r^> = ze'^^^Tf^bth . (54) 



12 



Thus, the equation ( ^3] ) is well known from the group theoretical analysis |I2| , |13| condition, 
which specifies the helicity s of particles. The conditions (|5^) (for the normalized vectors of 
the form (^)) lead to the following equations 



fix) = fix) - 

T^nfcdix) 



^Incd 



0, 
-- 



^nr'(x) = o 



whereas the condition 



results in 



r(x) = ux) = 



-Vcie'''''fUx)+Vdie''''"f,ci^)] - smUix) 



Thus, the final form of the physical state vectors is 

1 



nx) 



r'(x)|n/>. 



(55) 
(56) 
(57) 



(58) 
(59) 



(60) 



where the functions f"'\x) obey the equations (p6| , |57| , [591) . Let us analyze consequences of 
these equations in detail. First of all, it follows from the eq. (|56|) at / = /i, that 



f^,uix) 



m 



-id^fsu - dyf 



(61) 



then the same equation at / = 3 is obeyed identically. The relation (|6TD means, in fact, that 
the theory can be formulated in terms of the vector field T^ix) = fs^ix) only. One can 
interpret J^^(x) as a wave function of the system in the representation of the basis |3/i > and 
in ^-representation. The eq. (|57D at / = 3 results in the transversality condition for J-'^ix), 



d.J'^ix) 







(62) 



whereas the same equation ( |57D at / = in combination with (p^ ) provides the Klein-Gordon 
equation for J^^ix), 

(□ + m^) J-^(x) = 0, □ = d^d^". (63) 

Thus, the condition (|51| ) for the whole state vector f(x) holds as a consequence of eq. (|6^). 
At last, we get from the equation (^) at c = 3, d = fi, 

dxe^'^'J^u + smj^^" = , (64) 

whereas the equations (|59D at c = z/, d = fi are obeyed identically as consequences of (|63D 



and (0). The transversality condition (^) is consistent with (|6^) . Finally, it is easy to 
discover that the Pauli-Lubanski operator in the representation considered has the form 
iW)'^^ = dxe^'^°'ria^, so that eq. (0) is the above mentioned condition, which specifies the 
helicity of particles. 

One can see now that the equations (|6^ are, in fact, the field equations of the so called 
"self-dual" free massive field theory [l^, with the Lagrangian 



C 



SD 



1 -77* -TT/i 

2 " 



2m ^ 



(65) 



13 



As was remarked in [|T5] this theory is equivalent to the topologically massive gauge theory 
[H] with the Chern-Simons term. Indeed, the transversahty condition (^) can be viewed as 
a Bianchi identity, which allows introducing gauge potentials A^, namely a transverse vector 
may be written (in topologically trivial space-time) as a curl, 

= e^^^d^Ax = \e^''^F,y , (66) 

where F^x = dyA\ — d\Ai, is the field strength. Thus, JF^ appears to be the dual field 
strength, which is a tree-component vector in 2 + 1 dimensions. Then (^) implies the 
following equations for F^^ 

d,F'^ + s^e'^-^F^p = 0, (67) 
which are the field equations of the topologically massive gauge theory with the Lagrangian 



1 777 

^cs = —^F;^F^^ + s-e^''^F;,A, . (6J 



The theory describes particles with the mass m and spin s = ±1, having only one polarization 
state, what has been noted by several authors JI], |12|. 

One can also find a relation between the Bargmann-Wigner type realization presented in 
the previous section and the description of the spin one particle in terms of the vector field. 
Let \I/q,/3(x) = '^')^^{x) -f \l/[j^''(a;), where '^'^^\x) are the Bargmann-Wigner amplitudes ( Pl) 
for N = 2. Then construct a vector field jF^(x), 

= -^(cT^l.U'^alsix) . (69) 

The relation between J^^{x) and \E'q/3(x) is one-to-one correspondence. 

Contracting the Dirac equation (^31) with the matrices (j^7^ and the using the symmetry 
property of a/six), we verify that the equation (|6^ holds for T^{x). 

The Lagrangian (^) can be rewritten in terms of the Bargmann-Wigner amplitude 

Thus we get a new formulation of the "self-dual" theory. 

It is interesting to present for comparison a pseudoclassical model, which reproduces the 
Proca theory after quantization. Such a model can be derived by means of direct dimensional 
reduction from the corresponding 3 + 1 dimensional model 0, |5[. The action in 2 + 1 
dimensions can be written as 



S 



Pr 



TTl^ ^ ^ / • \ - / 1 

a=l a, 6=1 



dr , 



^ E VaXa . (70) 
a=l 
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All the notations are similar to (|1|), the new even variables fab {fab is antisymmetric) are 
only introduced and Eab is two-dimensional Levi-Civita symbol. Both symmetries @ and 
remain for the action ( [7D| ) (with the corresponding z ), and instead of the gauge trans- 
formations d^) appear new ones 

2 2 2 

5x>' = 0, 5e = 0, (5C = E = E ^-Xc ^/afe = U + Y^i^acfcb ' Ucfca) ■ (71) 

c=l c=l c=l 

The classical analysis shows that the total Hamiltonian is H^^^ = H + Xa^^a with 




and all the constraints coincide with ones for the action (|I]) at = 2, only the first-class 

(2) 

constraints $3 =0 have to be replaced by 

<ff^ = ^[V^ln,^2l + l = 0. (72) 

As a result, one can perform the Dirac quantization completely in the same way as was 
done in the Sect.V. The only difference is connected with the different form of the first-class 

(2) 

constraint $3 . Thus, one of the conditions, which define the physical states, namely, the 
condition (|50|) has to be replaced by the condition 

{zliJln, 4"] + 2) f (X) = {bfbn + 2) f (X) = . (73) 

This condition results only in the equation (pHl). Thus, in the case under consideration, 
the physical state vectors have the same form (|60D, where the functions /"'(x) obey only 
the equations ( ^^ - |58| ). Taking into account the consequences of these equations, one can 
see that the theory can be formulated in terms of the vector field J-'^{x), which obeys only 
the equations of transversality (^) and the Klein-Gordon equation (|63D, those both are 
equivalent to the Proca equations for the massive vector field, 

SaF^'^ + m^^'^ = 0, F^, = d^T,{x) - d.J^^ix) , (74) 

which implies the Proca Lagrangian 

1 Tn'^ 

Cpr = -^F.^F^" + —T^T^ . (75) 

In the Proca theory in 2 + 1 dimensions two of three components Tp,[x) are independent, so 
that two polarization states are available. In accordance with the group theoretical analysis 
that means that the Proca field corresponds to a reducible spin one representation of the 
Poincare group in 2 + 1 dimensions. 

Comparing the action (|l]) at A^ = 1 and the action (|70|) , one can believe that the necessary 
reduction to only one polarization state is achieved in the pseudo classical action (|l]) due to 
the presence of terms having a structure similar to the Chern-Simons term in the field theory 
action (|68D. 



15 



In the conclusion to this section one ought to remark that we have only demonstrated a 
relation between the quantum mechanics constructed in course of the quantization and the 
field theory in cases of spin 1/2 and 1. The same can be done by analogy in cases of spin 



3/2, 2, and 5/2, for which the corresponding field theory is constructed [0. Unfortunately. 



for other higher spins the problem of the field theory construction is still open. Its solution 
can be related with an appropriate choice of the higher spins description. 



5 Weyl particles with higher spins in 3+1 dimensions 



It is interesting that the model for spin 1/2 in 2 + 1 dimensions (A^ = 1) is related by means 
of a dimensional reduction procedure to the model of the Weyl particle in 3 + 1 dimensions, 
proposed in H. The action of the latter model has the form 



S 







2e ^'^^ 



dr 



1 ^ 



(76) 



where /i = 0, 1, 2, 3, and t]^,^ = diag(l, —1, —1, —1). In the gauge = one can see that 
among the four constraints of the model only one is independent. Thus, in fact, one can 
use only one component of and all others put to be zero. In 3 + 1 dimensions this violates 
the explicit Lorentz invariance on the classical level. However in 2 + 1 dimensions it does not. 
So, if we make a dimensional reduction 3 + 1^2 + 1 in the Hamiltonian and constraints of 
the model ([76D, putting also tt^ = m, = k, whereas = k,^ = k,'^ = 0, then as a result of 
such a procedure we just obtain the expression for the Hamiltonian of the massive spin 1/2 
particle in 2+1 dimensions and all the constraints of the latter model. In the presence of an 
electromagnetic field one has also to put = 0, d^A^j^ = to get the same result. 

Thus, one can think that an action, which describes the Weyl higher spin particles in 3 + 1 
dimensions, can be constructed in analogy with the general action (|l]) in 2 + 1 dimensions. 
Namely, to describe Weyl particles with higher (integer and half-integer) spins (helicities) 
one needs to transform the action (^) into the following one: 



S 



N 



■^^ a=l 



dr 



N 



= X 



IS 



(77) 



The hamiltonization of the theory and its quantization can be done quite similar to that for 
the actions ( [75| ) and (|I|). We describe briefiy here only key formulas and steps, using the 
previous notations. 

The primary and secondary constraints and the Hamiltonian (the latter is proportional 
to the secondary constraints) are 



$1 



(1) 



$1 



(2) 



P. 



TX 



P. 



Xa 1 



(1) 



m 



(2) 



P. 
.(2) 



(1) 



P 



is 



(78) 
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N 



a=l 



(79) 



After the gauge fixing, 

and transition to the variable x'q = xq — C,t , we remain with the physical Hamiltonian 
and with the variables x'^, iTk, 'ipa±j ^ — 1) 2, 3, Tikip'^^ = 0, which obey the Dirac brackets 



->2 



{X^ TT/Id = Ski , {x\ X^}d = ^ J2[^a±, , ^i±}D - -^^aTTZ , 



AT 

I 

a=l 



1 



nf (tt) = (5w -TTfeTT; . 



(80) 



The only first-class constraints, which are quadratic in grassmanian variables, have the form 

(81) 



2 ■ 0^ 

In course of quantization the variables turn out to be operators with commutation relations: 

1 N 



a=l 



I 



fc,^L]+ = ^nf(7r)5„,. 



(82) 



In terms of the physical time the quantum Hamiltonian is H = C,Cj. A realization of the 
Hilbert space can be constructed similar to one was made in Sect .III. Namely, 



where each component ^!^^^ have N spinor indices, ^!^^'> = '^^^ ajv' = 1) 2. The operator 
C acts as 



$(+) 
_^(-) 



Other operators have the form: 



x'' 



N /a-1 \ / N 

a=l \i=l / Vj=«+1 
Ax' = ^£^'™7r,E- , TT, = , 



17 



'a~l 



v^a± = ( n ®i 1 ® v^i ® I n h = ^nf (7r)s' 

\j=l J \j=a+l ^ 

fa = ( n®i I ®T® ( n ®i 

\j=l J \j=a+l 

Constructed the helicity operator W calculated in the realization in question we get 

^ N I a-\ \ I N 



(83) 



Taking into account the physical states definition = 0, we get W^' = i.e. 
the quantum mechanics constructed describes massless particles with helicity sN/2. 

The realization presented can be described in a slightly different form. Namely, the state 
vector ^ is the Dirac multispinor: 

'J> = 'J> (y = 1 2 ^ 4 

It obeys both the Schrodinger equation 

d 



and the conditions 

.1 



^1^7 )a.<*ai...<...aiv = 0, a=l,...,iV, (84) 



-TTTk^- S)a^^'^<ifa^...a',...ar, =0 , a = 1, . . . , N . (85) 



UJ 



As a consequence of these equations ^ is symmetric in all the indices. One can see that the 
equation (|8^) is the Dirac equation in Foldy-Wouthuysen representation and the equation 
( p5[ ) reproduce the Weyl condition. If we use the Foldy-Wouthuysen transformation 



N 



a=l 



then the equations (|8^ and (^) for the vector ^(-^^ appear to be 

(7^ - 5)«.<*i^l.„, = , 7^ = [ J J ] , a = 1, . . . , iV. (86) 
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Thus, we have obtained the massless Dirac equation and the Weyl condition for each index, 
i.e. the Bargmann-Wigner type description of higher massless spins in 3 + 1 dimensions. 

One can also verify that the model (0) is related to the model (JT^) by means of a dimen- 
sional reduction, similar to the case of spin 1/2. 
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